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Performance of Fouled Catalyst Pellets 
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Equations are developed for the bulk rote of a gaseous reaction on a porous catalyst whose 
activity changes with time due to o decrease in active surface. The performance i s  evaluated 
in terms of a pellet effectiveness factor which i s  a function of time and a Thiele (diffusion- 
reaction) modulus. By a stepwise numerical technique, the equations can be solved without re- 
sort to assumptions regarding the distribution of fouled surface within the pellet. The method 
is applicable at  isothermal conditions for any form of the rate equations for the main and 
fouling reactions and for any diffusivity-concentration relationship. 

To illustrate the method, results are given for first-order isothermal reactions for three types 
of fouling processes. For a series form of self-fouling, a catalyst with the lowest introporticle 
diffusion resistance gives the maximum activity for any process time. In contrast, for parallel 
self-fouling a catalyst with an intermediate diffusion resistonce is less easily deactivated and 
can give a higher conversion to desirable product, particularly at long process times. 

A simpler solution i s  possible by supposing that the shell model represents the disposition of 
fouling material in the pellet. It i s  shown that for parallel self-fouling and independent fouling 
this model gives reasonably good results, even when the reaction resistance for the main 
reaction is important. However, the shell concept does not appear suitable over a range of 
conditions when the fouling is of the series type. 

The single-pellet effectiveness factors can be used to determine the effect of fouling on the 
conversion in a fixed-bed reactor. To illustrate the method of approach curves of conversion 
as a function of time and position in the bed are presented for a parallel, self-fouling reaction 
system. The results show the influence of introparticle diffusion on the overall effects of fouling. 

A. SINGLE PELLETS tion (reaction-regeneration cycle) of the reactor. The first 
step in treating the problem is an analysis of the behavior 

In  many gas-solid catalytic reactions the activity of the of a single catalyst pellet. 
catalyst decreases with time on stream. Such oisoning The poisoning may be due to a side reaction involving 

substance which reduces the active surface for the main process). Alternately, the deposited material may be the 
reaction. Quantitative study of the activity-time relation result of further reaction of the primary product ( a  series 
is important in seeking the optimum design and opera- fouling. process), Still another possibility is deactivation 
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can often be traced to deposition on the cata P yst of a the same reactants as the main reaction ( a  parallel fouling 



due to an independent reaction involving different re- 
actants, for example an impurity in the feed to the 
reactor. In each case the extent of deposition, in general, 
will depend upon time and radial position within the 
pellet. In the extreme case where intraparticle diffusion 
resistance is negligible the deposition should be uniform 
with the pellet. In contrast, when the diffusion resistance 
is large with respect to the resistance of the fouling proc- 
ess, the deposition should be concentrated in an outer 
shell of the catalyst. The thickness of the shell would 
grow with process time until the entire pellet is deacti- 
vated. This progressive shell model has been used by 
several investigators (for example 6, 7) to treat the deac- 
tivation or regeneration problem when intraparticle diffu- 
sion controls the rate of reaction. Rather than using the 
shell model, Ausman and Watson (1 ) have calculated the 
intrapellet distribution of deposited material. They con- 
sidered the regeneration problem and assumed that the 
local rate of reaction was independent of carbon content. 
The resulting curves of + vs. radial position at constant 
time were approximately parabolic, the exact shape de- 
pending upon the importance of the diffusion resistance 
of oxygen. 

The first part of this paper treats the fouling problem 
where both reaction and diffusion resistances are im- 
portant, not by using a model, but by direct solution of 
the equations for concentration as a function of time and 
radial position within the ellet. Later, the results ob- 

the more general solution. 
It is convenient to describe the results by a pellet effec- 

tiveness factor for the main reaction. This quantity de- 
pends upon time, intraparticle position, and diffusion and 
reaction parameters. It is a measure of the activity of the 
catalyst pellet com ared to its performance at zero time 
and conditions at $e outer surface (a spherical pellet is 
assumed). Solutions are presented for the three types of 
fouling process described. However, the same procedure 
could be applied to other deposition processes. The as- 
sumptions that limit the method are: uniform temperature 
in the pellet, and extent of deactivation is a function only 
of concentration of substance deposited on the catalyst 
surface. Illustrative results are given for first-order kinetics 
and for the case of negligible diffusion resistance in the 
gas phase around the pellet. The same approach can be 
used to obtain solutions for other rate equations and, with 
modification, external diffusion resistance can be taken 
into account. 

tained with the simpler she P 1 model are compared with 

RATE EQUATIONS FOR SELF-FOULING SYSTEMS 

The main reaction is irreversible and of the form 

A ( g )  + B ( g )  (1)  

Series: B ( g )  + C(s) (2)  

Parallel: A ( g )  + C(s) (3) 

with fouling reactions of two types: 

The component C is deposited on the catalyst, reducing 
the active surface available for the main reaction. 

The effect of deposition on the rate of the main reaction 
is assumed to be described by a linear relationship.' If 
qo is the concentration of C on the surface when deacti- 
vation is complete, the deactivation function is 

(4)  

*Hyperbolic and exponential functions have also been proposed (3) 

Then, for first-order kinetics, the rates of reactions (1) to 
(3)  are 

R =  kACA ( I - $ )  ( 5 )  

Series fouling: - "-kB,fCB - ( I - $ )  ( 6 )  at 

Parallel fouling: ds = kA,* CA ( 1  - +) (7 )  
at 

EQUATIONS FOR INTRAPARTICLE CONCENTRATIONS 

in a spherical pellet may be written 
Equations for the conservation of mass of A and B with- 

pkA CA ( I - $ )  = 0 (8) 
SCA 
St 

SCB 
St 

D,VT2CA - q, - - 

Dp,Vr2CB - e p  - + p k A  CA ( 1  - $) = 0 (9) 

The effective diffusivities, in general, would be a function 
of the concentration q of component C deposited in the 
catalyst surface. Also the diffusivities may vary with the 
composition of the gas. However in this treatment DA and 
DB will be assumed constant. No term is included in 
Equations (8) or (9) for the disappearance of A or B 
due to the fouling reaction, because the rate of these 
reactions is much less than the rate of the main reaction. 

Initial and boundary conditions are 

$ = O ;  t = O ,  r , h r A O  ( 10) 

(11) CA = C,A, CB = COB; t A 0, r = ro 

A second initial condition can be described by consider- 
ing the physical limitations of the problem. The time 
necessary to reach steady state with respect to the accu- 
mulation of mass in the void space of the pellet is negli- 
gible with respect to the time required for the catalyst 
activity ( a )  to change significantly. Hence, the second 
terms in Equations (8) and (9) can be neglected with 
respect to the third terms. As t + 0, a approaches 
unity. Then the initial Concentration of A and B within 
the pellet is described by the following steady state forms 
of Equations (8)  and (9): 

with boundary conditions ( 11) and ( 12). The solution of 
Equations (13) and ( 14) constitutes the initial condition 
for Equations (8), (9), and ( 6 )  or (7). 

PELLET EFFECTIVENESS FACTORS 

The e uations can be solved numerically by consider- 

and +. Any point in a lattice is determined by time and 
radial position. The time increment is labeled n and radial 
position increment m. Then in difference form Equations 
(8) and (9) become 

ing simu 4 taneously three rectangular lattices for CA, CB, 
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The transformations of initial condition (10) to differ- 

(21) 

ence nomenclature gives 

at n = 0 and M k m  '0, $m,o = 0 

Equations (11) and (12) become 

CAM,n = CA, and C B M , n  = CB,; r = r,  

C A - l , n - C A + l , n = O  and C B - l , n - C B + l , n = O ;  r = O  
(22) 

(23) 
The initial condition for CA and CB is given by Equa- 

tions (13) and (14). 
The equations and procedures outlined in this section 

can be used to evaluate CA, CB, and + as a function of 
m and n, employing Equation (17) for series fouling or 
Equation (18) for a parallel fouling reaction. 

Series Fouling 

(16), ( 17) ] pertinent to this case, take the form 
Using dimensionless variables the three equations [ (15), 

m + 2  Q'm-1.n (24) 

2 m + 2  m 
m + 2  m + 2  

0.6 + (-) QBm,n - ( -) QBm-l,n (25) 

( 2 6 )  

3- 
1 - 

0.4 +m,n + 1 = +m,n + AeB ( 1 - d'm.n) QBm,n 
where 

(27) 
DA 
DB Y = -  Q2 

0 

PARAMETER = 
h n 5 , e - 1 ,  d - I ,  PARAMETER=BB 

Fig. 1A. Profiles for self-fouling, series, mech- 
anism, h = 5. 

and 

2 m f 2  
Ar2 m 

+ C B m - l , n  + - (1 - $m,n) CAm,n = 0 (16) 1 :- 
Similarly, Equations (6) and (7) in difference form are: 

Series: 

or Parallel: 

In these equations the increment sizes are chosen as 

(19) 

(20) 

follows: 
To 

M 

t o  

N 

Ar = - and m = 1,2, ---- M 

r/ q, 
At = - and n = 1,2, --- N 

Fig. 16. Profiles for self-fouling, parallel mech- 
anism, h = 5. where to is the total process time. 
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Fig. 1C. Profiles for independent fouling, h 
= 5, h, = 10. 

DIMENSIONLESS TIME, eB, €=lo 

Fig. 2. Effectiveness factor for series fouling, e = 10. 

The initial and boundary conditions, Equations (21) to 
(23), can be converted to dimensionless form in a straight- 
forward manner. The initial conditions for CA and CB 
correspond in this case to the analytical solution of Equa- 
tions ( 13) and (14). The solutions are 

sinh [ h  (m- 1/2)] 
'Am'o = A t  ( m  - 1/2) . sinh h (32) 

QBm.0 = ( 1 + +) -+ ~ h ( ~ ~ ~ ~ ~ . ~ ~ ) ~  

(33) 

The result desired is the effect of fouling on the main 
reaction. This can be conveniently expressed as a pellet 
effectiveness factor, E.F. It will be defined as the rate 
of the main reaction for the pellet divided by the rate 
at conditions at the outer surface of the pellet and at 
t = 0. E.F. may be expressed in terms of CA and also 
in dimensionless form as 

(34) 
- 3 QAM,n - @'M--l,n _ -  

h2 At  

Equations (24) to (26) were solved numerically for 
(PAm,n, @Bm,n and using an IBM 7040 computer. 
These results were then employed in Equation (34). The 
effectiveness factor so obtained is a function of 0s (that 
is, process time t),  h, y,  and E [defined as r = (COB/CoA)] .  
Figure 1A shows the radial profiles of @A, DB and 1 - + 
for E = = 1 and an intermediate value of diffusion 
resistance ( h  = 5 ) .  Since it is supposed that the fouling 
reaction is much slower than the main reaction (that is, 
kB.f  << k a ) ,  the profiles for QA and QB are symmetrical 
for series type of fouling. Since product B must diffuse out 
of the pellet, its concentration decreases from a maximum 
value as r/ro increases. The high concentration of B at 
the center means, in turn, that the central part of the 
catalyst pellet should be more seriously fouled than the 
outer layer. This is illustrated quantitatively by the pro- 
files for 1 - $ shown at the bottom of Figure 1A. Since + 
is a measure of the extent of fouling, these curves for dif- 
ferent 0B show the influence of time on the deactivation 
of the catalyst. 

In Figure 2 the computed effectiveness factors are 
shown plotted vs. dimensionless process time OB, with the 
Thiele modulus as a parameter and for E = 10. The dotted 
curve represents the results for negligible diffusion re- 
sistance; that is, h = 0. The solution for this case is ob- 
tained analytically as E.F. = e-'B b taking CB as a con- 
stant equal to COB. Then Equation (%) can be integrated 
directly and used in Equation (8) to obtain the exponen- 
tial result. This figure demonstrates that for a series foul- 
ing mechanism the extent of deactivation increases with 
diffusion resistance ( h )  . This is true regardless of process 
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time so that the preferred catalyst is one with the least 
diffusion resistance. 

Figure 3 illustrates directly the influence of diffusion 
resistance on E.F. for B = 1 and y = 1. The dotted line 
represents conditions for no fouling, or OB = 0. This curve 

is the conventional Wheeler result, E.F. = - ( h  coth h 

- l ) ,  applicable for steady state conditions on a clean, 
spherical catalyst pellet. 

Figures such as 2 can be used to predict the effect of 
fouling on the activity of the catal st at any time for iso- 
thermal conditions and fist-order Letics.  By integrating 
under the E.F. vs. 0s curve for a given h (and B and y ) ,  
the total roduction, or average effectiveness, for the 

3 
h2 

catalyst pe P let can be obtained up to any process time t .  

Parallel Fouling 
This case is simpler than the series type of fouling, be- 

cause there is no interaction between A and B. Hence 
only Equations (15) and (18) are required, along with 
the initial and boundary conditions Equations (21) to 
(23) for CA, and (34). Dimensionless quantities are de- 
fined in the same way as for series fouling, except that the 
time parameter is 

Since component B is not involved, the effectiveness fac- 
tor is a function only of h and @A. 

Numerical results for th is  case are illustrated in Figures 
1B and 4. Figure 1B shows the intraparticle profiles for 
@A and 1 - $ for h = 5. With increasing time, the 
profile for @A (or CA)  becomes nearly flat. This is be- 
cause the catalyst has become heavily fouled resulting in 
a low surface rate for the main reaction. The bottom half 
of the figure indicates that at 0.4 = 7.5, the fraction of 
clean surface, or 1 - $, is nearly zero. As a result the 
profile for @ A  at @A = 7.5 is nearly flat with @ approach- 
ing unity. The 1 - $ curves also show that for parallel 
fouling deactivation is most severe near the outer surface 
of the pellet, in contrast to the situation for series fouling. 

Figure 4 gives the effectiveness factor as a function of 
6.4 for different h values. As in Figure 2 the dotted line 

Fig. 3. Effect of diffusion resistance on series fouling, c = 1. 

Fig. 4. Effectiveness factor for parallel fouling. 

corresponds to h = 0 and is re resented by E.F. = 

integration of Equation (7), taking CA = CoA. In contrast 
to Figure 2, the curves cross for different h values. Thus 
for fresh catalysts there is a continual decrease in effec- 
tiveness as diffusion resistance increases, but as @A is in- 
creased the effectiveness factor first increases and then 
decreases with h. It is concluded that fresh catalysts with 
little diffusion resistance are fouled more rapidly than 
those with great diffusion resistance. 

Independent Fouling 
In this case the main reaction A += B occurs without 

associated fouling. Instead deactivation is caused by depo- 
sition of a gaseous impurity S in the stream, or deposition 
of a product of reaction of S with the catalyst. The prob- 
lem of predicting the catalyst activity as a function of 
time is, mathematically, a variation of the parallel type of 
self-fouling. The concentration of deposited substance is 
given by an expression analogous to Equation (7),  that is 

e - e A .  For parallel fouling this resu P t is obtained by direct 

Mass balance expressions can be written for both A and 
S .  The equation for A is identical with Equation (8); 
that for S is the same except for the substitution of S for 
A in identifying the component. The boundary and initial 
conditions are equivalent to those described by Equations 
(10) to (13) for the parallel, self-fouling case. 

Next, the mass balances for A and S in Equation (37) 
are transformed into dimensionless variables. If the bound- 
ary and initial conditions are also so transformed, the 
problem can be described in terms of a series of equations 
for Cs and for CA. For component S 

- 1 - ( ~ ~ - ) - h s 2 ( 1 - $ ) @ s = 0  6 daS (38) 
f 2 s 5  4 
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For component A 

1 6  F ( . $ 2 F ) - h 2 ( l - $ ) m " = 0  (44) 

Equations (41) and (45) are the initial condition cor- 
responding to the solution of Equation (13) for the self- 
fouling case; that is, they represent the distribution of S 
and A within the pores of the catalyst pellet at t = 0. 
The Thiele modulus hs and dimensionless time Bs are de- 
fined __ 

hs = T,  d$$ (48) 

(49) 

The pellet effectiveness factor for the main reaction is 
given by Equation (34). In this type of fouling E.F. is a 
function of 0s and two diffusion reaction parameters, h 
and hs. 

These equations were also solved numerically with the 
aid of the computer, Figure 1C shows the intraparticle 
profiles for @, @A, and 1 - $ for the particular case of 
hs = 10 and h = 5. The results, in general, are similar 
to those in the parallel fouling case, although the shape 
of the profiles is different. For example, with the relatively 
high hs chosen, the diffusion resistance is high enough to 
cause essential1 complete fouling of the outer layer of 

served in the bottom part of Figure lC, where 1 - 9 is 
nearly zero as r / r ,  approaches unity. For smaller values 

the catalyst pel T et, even at low process times. This is ob- 

DIMENSIONLESS TIME, 8, , h,-10 

Fig. 5. Effectiveness factor for independent fouling, hs = 10. 

DIMENSIONLESS TIME, e,, h = 2 

Fig. 6. Effect of diffusion resistance for fouling reaction on effec- 
tiveness factor, h = 2. 

of hs, the profiles would appear more like those in Figure 
1B. 

Figure 5 shows the decrease in effectiveness factor with 
time for hs = 10. The dotted lines in each figure cor- 
respond to h = 0, that is, no diffusion resistance for the 
main reaction. These curves are of the same form as those 
for series fouling (Figure 2) in that there is a continual 
decrease in E.F. with increase in diffusion resistance. The 
results when there is no diffusion resistance for the fouling 
reaction, hs = 0, can be obtained by an analytical soh-  
tion of Equation (34). This solution may be expressed as 

3 (hcothh-1)  
E.F. = e-es 

h2 

As the intraparticle diffusion resistance for the impurity 
5 increases, less of the interior of the catalyst pellet should 
be deactivated significantly due to fouling. The quantita- 
tive effect of this on the activity of the whole catalyst 
pelIet can be seen by comparing effectiveness factors at 
increasing hs values, for the same 0s and h. This is clearly 
illustrated in Figure 6 where hs is shovirn as a parameter 
€or h = 2. The dotted lines represent the lower (hs = 0) 
and upper (hs = 00) limits of the diffusion resistance of 
5. For the upper limit, there is no fouling, and E.F. is 
constant with respect to time. This constant E.F. depends 
upon h, as given by the conventional Wheeler equation. 

These results show that, for fouling of the independent 
type, the least deactivation will occur in a catalyst for 
which there is a minimum diffusion resistance for the 
main reactant and a maximum resistance for diffusion of 
the impurity into the pellet. 

SHELL MODEL SIMPLIFICATIOf4 

The methods just presented are simple in principle and 
flexible enough to treat a variety of kinetic expressions for 
the rates of main and fouling reactions. However, the 
lengthy numerical procedure is a disadvantage. For linear 
rate equations an integrated solution can be obtained by 
assuming a shell model for the deposition process. In this 
model, it is supposed that there is a sharp boundary be- 
tween completely fouled and fresh catalyst at a position 
which changes with time. Figure 1A illustrates the profile 
for the concentration (+ = q/qo)  of deposited material 
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for series type fouling. The central core of the pellet is 
fouled more than the outer region. The shell model car- 
ries this situation to the extreme case; that is, a central 
core of radius ri which is completely fouled, 1 - + = 0, 
and an outer layer of fresh catalyst ( 1  - 

For parallel fouling, deposition is most severe in the 
outer layer as observed in Figure 1B. In the model this is 
equivalent to a spherical shell (thickness, ro - ri) of 
completely fouled catalyst and a sphere of fresh catalyst 
of radius ri. The same kind of result is expected for in- 
dependent fouling as noted from Figure 1C. 

The boundary at ri moves with time and its velocity 
depends upon the density of a solid, the deposited mate- 
rial. The velocity of the reactant A or product B depends 
upon the density of these ases. Because of the large dif- 

with respect to the velocity of the diffusing components. 
This conclusion is even more justified in the present case 
because the amount of reactant consumed in the fouling 
process is small with respect to the total quantities diffus- 
ing. Hence it is satisfactory to assume a quasi steady state 
in writing the difFerentia1 equations for diffusion (parallel 
fouling) and diffusion and reaction (series fouling) in the 
outer layer of the pellet. This simplification is utilized in 
the following sections. Its validity for gas-solid, noncata- 
lytic, clean reactions has been more carefully considered 
by Bischoff (2). 

The approach to calculating the pellet effectiveness 
factor involves two steps: using the steady state concept 
to determine the concentration in the unfouled region as 
a function of r and ri, and introducing the effect of time 
by noting how ri is related to the rate of the fouling re- 
action. 

Parallel Fouling 
Reactant and product diffuse through the outer fouled 

layer of the pellet to reach the inner sphere of active cata- 
lyst. The mass balance equation in the inactive layer 
(ri 6 r 4 ro) ,  is independent of time (quasi steady state 
assumption) and may be written 

DA V r 2  C A  = 0 

= 1) .  

ference in density, the veocity 7 of the boundary is low 

- 
(51) 

CA = CiA at r = ri; t 0 (52) 

Equations (11) and (52) are the boundary conditions. 

In the unfouled inner sphere (0 r 4 T J ,  + = 0. 
With this simplification and the steady state assumption, 
Equation (8) reduces to 

DA vr2 cA-p k A  C A  = 0 (53) 
with Equations (12) and (52) as boundary conditions. 

Linear Equations (51) and (53), can be solved for CA 
as a function of r for the fouled shell and unfouled core. 
The connecting relation between the concentrations in the 
shell and core is 

= Da (q) (54) 
r = r i + 0  r = r i - O  

From the solutions of Equations (51) and (53) and Equa- 
tion (54),  the concentration CiA at the boundary can be 
expressed as a function of ri only: 

r0 
9-0 - Ti 

- 
b - CoA 

(55) CiA = __ 
b -  + [hri/ro coth (hrdro) - I] 

ro - ri 

where b = DA/DA. Then if Equation (55)  is combined 
with the solution of Equation (53), the concentration in 
the unfouled core is given in terms of r and ri alone: 

Next the variation of ~i with time is considered. The 
velocity of the boundary is related to the total moles of 
A disappearing, by the fouling reaction, by the mass bal- 
ance: 

s," 4vr2CAdr (57) 

Formal integration with the condition ri = ro at t = 0, 

dri 
dt  - qoP 4Mi2- = kA,f P 

The pellet effectiveness factor under fouling conditions 
was defined by Equation (34).  With the use of Equation 

(56) to evaluate ( - ' E A )  the E.F. is given by 
r = ro 

Equation (59) can be employed to obtain E.F. as a 
function of time using Equation (58) for ri. To carry out 
the integration in the denominator of Equation (58), C A  
in terms of r is given by Equation (56). For numerical 
work it is advantageous to express Equations (55),  (56),  
(58),  and (59) in dimensionless form. When that i s  done 
E.F. becomes a function of OA, b, and h. The dimension- 
less forms of Equations (58), (59),  and (55) needed for 
the computations are 

OA = -In [ h& cosh (h&) - sinh (I&) 
h cosh h - sinh h 

1 

(aiA = __ (62) 
b (x) + (u ico th  ( M i )  - 1) 

1 

In order to test the shell model, effectiveness factors 
were calculated for the same conditions as used to illus- 
trate parallel fouling in Figure 4. This illustration was 
based upon a constant diffusivity, that is, one that is in- 
dependent of q.  This is the same as supposing that DA 
for the fouled shell is equal to Da for the clean core, that 
is, b = 1.0. 

The shell model results were obtained with = 1.0, 
using an IBM 7040 computer for the numerical work. The 
solid lines in Figure 7 show the E.F. plotted vs. OA with 
h as a parameter. The dotted lines are the curves from 
Figure 4. 

Comparison of the curves for the same h shows that the 
error i i  using the shell model increases with process times 
up to a point, and then the curves cross. However, in the 
practical region of effectiveness factors (> O.l), the shell 
model always gives conservative results. Also in this re- 
gion the deviation is generally less than 15%, suggesting 
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DIMENSIONLESS TIME, 0, , 64.0 

Fig. 7. Comparison of shell model and numerical solution for parallel 
fouling, b = 1.0. 

- 

that the model may be a useful way to simplify the analy- 
sis for this kind of fouling. 

Series Fouling 

According to the model for this case, the reaction oc- 
curs only in the clean outer shell of catalyst ( T ,  T ri, 
1 - $ = l ) ,  while the core ( r i  k T 2 0) is completely 
fouled (1 - $ = 0 ) .  By solving mass balance equations 
for the outer shell, the concentrations CA and CB can be 
determined in terms of T and ri. Then the relationship be- 
tween ri and time can be evaluated from the rate of 
deposition of fouling material, just as was done in Equa- 
tions (57) and (58),  for the parallel case. Finally, the 
E.F. in terms of ri is obtained from Equation (34).  It is 
a function of BB and the parameters h, E ,  and y. The latter 
quantity is the ratio DA/DB. It is not necessary to give 
the details of the equations since the approach is similar 
to that used for parallel fouling. Numerical results were 
obtained for y = 1, the same restriction as employed for 
the general solution (Figures 2 and 3 ) .  The results are 
illustrated in Figure 8, applicable for E = 1, where the 
solid lines represent the shell model and the dotted lines 
are the curves from Figure 3. The significant feature of 
this comparison is that the deviations are much larger than 
for parallel fouling. Further the deviation decreases as h 
decreases, indicating that the shell model is more valid 
as the diffusion resistance of reactant A decreases. These 
conclusions reflect the inadequacy of the shell model 
when applied to series fouling. Thus the model assumes 
that the inner core of the pellet is completely fouled. The 
fouling occurs by reaction of B and will increase as the 
concentration of B increases. However, B will have a 
large concentration in the center of the pellet only if the 
diffusion resistance of A is small ( h  is small) and that of 
B is hi h (large y )  . Figure 8 verifies this effect of h since 

small. 

Independent Fouling 

pendent and may be written 

the she s 1 model becomes more satisfactory as h becomes 

For this case the main and fouling reactions are inde- 

- -  
THIELE MODULUS, h 

Fig. 8. Comparison of shell model and numerical solution for series 
fouling, E = 1.0, y = 1.0. 

The mass balances for S and C(s) are Equation (8) ,  
with S replacing A, and Equation (37).  

The description of the problem for the concentration 
profiles for S and C is completed with the boundary con- 
ditions : 

Cs = COs at T = r,; t 1 0  (65)  

6CS/6r = 0 at T = 0; t 1 0  (66) 

$ = O a t  t = 0 ;  O L T L T ,  (67) 

C s = O  at t = 0 ;  O L T L T ~  (68) 

The method of solution is the same as for parallel foul- 
ing and leads to equations giving E.F. as a function of 
B,, h,, &, h, and b, where the first two quantities are de- 
fined by Equations (49) and (48). Certain special cases 
are of interest. For example, when h, = 0 

3(h ~ 0 t h  h - 1) 
h2 

E.F. = e-% 

This is analogous to the result obtained without the as- 
sumption of the shell model, as given by Equation (50) .  
If both h, and h are zero 

E.F. = eces (70) 

Another special case is significant because it corresponds 
to the original shell model concept employed by Yagi and 
Kunii (7) for combustion. This is for h, + co and h 
finite. Physically this means that the rate of the foulin 
process is controlled by diffusion of S through the she 
and Cs is zero in the clean core. The relationship between 
6, and & gives an indeterminate form when h, = co. 
However, by taking the limit as h, + 00, there is ob- 
tained 

K 

Casks,* hS2 1 1 1 
0, = - t = -( - ti3 -- ti2 + -) (71) 

4. b 3  2 6 

By using the definitions of h, and b,, this simplifies to 

C,” 0, t 
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Fig. 9. Comparison of shell model and numerical solution for inde- 
pendent fouling, h, = 10, b, = 1.0. 

- 

E uation ( 7 2 )  determines the relationship between & and 

tained earlier (7)  and, as expected, is independent of the 
kinetics of the fouling reaction. E.F. values for the main 
reaction can be obtained for this limiting case by using 
Equation ( 7 2 )  in Equations (61) and ( 6 2 ) .  

Effective factors were evaluated numerically taking gS 
= 1.0 so as to agree with the exact solution illustrated 
by Figures 5 and 6.  

The effect of the relative diffusion resistance ( h )  for 
the main reaction is shown in Fi ure 9 where E.F. is 

shell model equations and the dotted lines represent the 
exact solution from Figure 5. Figure 10 compares the two 
solutions for various levels of h,. The latter quantity is a 
measure of the diffusion resistance for the fouling reaction. 
The dotted lines are those from Figure 7 .  The dash-dot 

t 9 or this special case. It is identical with the result ob- 

plotted vs. 6, at h, = 10. The so i ‘d lines represent the 

lines represent the upper (h,  = 0) and lower (h, = co) 
limits of the diffusivity of component S .  

Figure 9 shows that the shell model gives results which 
agree reasonably well with the numerical solution for val- 
ues of h < 10 at h, = 10. The deviation becomes large 
when h, is less than about 10. However E.F. reaches im- 
practical values less than 0.1 when these large deviations 
occur. The trend of the shell model and exact solutions 
are similar in Figures 9 and 10, with the approximate 
values usually less than the correct results in the range 
of interest. For E.F. greater than 0.1 the deviations are 
approximately the same as for parallel self-fouling. 

B. CONVERSION IN FIXED-BED REACTOR 

The end use of the single-pellet effectiveness factors is 
for predicting the effect of fouling upon performance 
in a fixed-bed reactor. The method of accomplishing this 
is illustrated by using the shell model equations for paral- 
lel fouling to establish the conversion in the effluent stream 
from a fixed bed of spherical pellets. Earlier results (Fig- 
ure 7) indicate that this model is a good approximation 
of the “exact” numerical solution for this case. The pellet 
effectiveness factor is a function of BA, h, and 6. Numeri- 
cal results will be given for b = 1.0. 

The bed is assumed to be isothermal, the velocity U 
uniform across the diameter, and axial diffusion is neg- 
lected. Then the interparticle concentration CA in the 
gaseous reaction mixture is given by the following mass 
balance: 

( 7 3 )  

where is the total rate of diffusion of A across the ex- 
terior surface of the pellet, evaluated per unit volume of 

reactor. The diffusion form of % is given by 

in which n is the number of spherical pellets per unit 
volume of bed: 

(75) 
- 3PB n=- 

4Mo3p 

The boundary and initial conditions restricting the inter- 
particle concentration are 

CA (0 ,  t )  = C o ~  for t 1 o ( 7 6 )  

( 7 7 )  

- 
C A ( z , O )  = q ( z , r , O )  = O  for z o ~ z ~ O  and r o ~ r ~ O  

CA(z, t) = CoA(z , ro ,  t )  for t k 0  and z o 5 - z h 0  (78) 

This last condition supposes zero gas film resistance sur- 
rounding the pellet. 

The problem is to solve Equations ( 7 3 )  and ( 7 4 )  US- 
ing Equation (34) for the effectiveness factor. Combin- 
ing this last expression with Equation (74) gives an ex- 

pression for R in terms of the concentration CoA, or its 
equivalent C A :  

N 

- 
R = p s k A  coA (E.F.) (79) 

If this result is used in Equation (73), there is obtained 
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The change in concentration with time in the void 
space of the bed is small with respect to the other terms 
in Equation (80). Neglecting this term and changing to 
dimensionless form gives 

8& - - + QA (E.F.) = 0 
82 

Equation (81) can be solved for PA as a function of 
time (8) and bed length (g) by numerical techniques, 
using Equations (60-62) to establish E.F. The standard 
procedure of writing the equations in finite-difference 
form was used and the computations carried out on an 
IBM 7040 computer. The only unusual feature of the 
computations was the initial condition for GA. This was 
obtained by solving Equation (73) at the conditions ap- 
plicable at t = 0, that is with no fouling. Since the term 

tB (g ) is small, and for no fouling R is independent 

of time, Equation (73) becomes an ordinary differential 
equation in CA as a function of z. The auxiliary problem 
is defined by this modified form of Equations (73) and 

by Equations (74) and (53). The latter two give for 
the condition of no fouling. With boundary conditions, 
Equations (76) (78) and ( l l ) ,  the solution in dimen- 
sionless parameters is 

- 

- 

This initial condition for zA and the following boundary 
conditions were employed for the numerical solution: 

- 

G A ( 8 , O )  = 1 (86) 

&(O,%) = 1 (87) 

The last equation is necessary in order to initiate the ef- 
fectiveness factor calculations using Equations (60-62). - 

Results showing 1 - x vs. dimensionless time (e)  and 
bed length ( z )  are illustrated in Figures 11 and 12 by 
the solid lines for two levels of h. 

DIMENSIONLESS BED LENGTH, i 

Fig. 11. Conversion in catalyst bed, h = 1. 

a --.. 
N 
W 

$a2 
H 

a --.. 
N 
W 

0 h=10,6*I 
I 2 3 4 5 6 

DIMENSIONESS BED LENGTH, t 

Fig. 12. Conversion in catalyst bed, h = 10. 

- 
The solid line for e =  0 in each of the figures applies 

to conditions of no fouling as evaluated from Equation 
(85).  Comparison with the curves for finite d shows the 
progressive importance of fouling as process time in- 
creases. As mentioned earlier, catalysts with relatively 
large intraparticle diffusion resistance lose activity at a 
slow rate even though their initial activity is low. The 
effect of this on conversion in the bed is evident by com- 
paring the 8 = 0 and other solid lines for low and high 
h values at a given time. For example at e = 6.0 and 
Z = 4, Figure 11 shows that the effect of fouling is to 
reduce the conversion from 98% to IS%, or a reduction 
of 80%. However, for large intraparticle diffusion resist- 
ance ( h  = lo) ,  Figure 12 indicates a reduction from 66 
to 23%, or 43%. Note also at this relatively long time the 
conversion actually is greater (23 vs 18%) for the cnta- 
lyst with larger intraparticle diffusion resistance. This in- 
crease becomes more pronounced as time increases and 
disappears for shorter process times. Thus at e = 2, the 
conversion is less (40%) for h = 10 than for h = 1.0 
(55% ) . Hence the curves give a quantitative interpreta- 
tion of the concept that a catalyst with high diffusion re- 
sistance will be more stable than one with low resistance 
but a high initial activity. Charts such as Figures 11 and 
12 could be useful for finding the diffusion properties ( h  
value) of a catalyst that will give an optimum perform- 
ance over a given process time. It is possible that optimum 
reactor design could require a catalyst with significant 
diffusion resistance. 

The dotted lines in Figure 11 correspond to h = 0, 
that is, negligible intraparticle diffusion resistance. For 
this special case an analytical solution for zA is possible, 
by adapting the results of Thomas ( 5 )  and Hiester and 
Vermeulen (4) without using the shell model. From the 
discussion in the previous paragraph it is expected that 
the dotted lines would give somewhat lower conversions 
at long times, and higher conversions at low times, than 
the curves for h = 1 (solid lines). Figure 11 shows this 
result; the position of the solid and dotted curves with 
respect to each other is reversed as 8 increases. The cor- 
rect relative position of the curves for 12 = 1 and h = 0 
augment the earlier evidence that the shell model is rea- 
sonably adequate for parallel fouling. 

SUMMARY 

The general numerical method of calculating single- 
pellet effectiveness factors is not limited to first-order rate 
ecluations for the fouling and main reactions or constant 
effective diffusivities. It is restricted to isothermal condi- 

- 

- 
- 

- 

- 

- 
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tions. Numerical results for first-order kinetics indicate: 
for a series form of self-fouling, deactivation is least for 
a catalyst with the lowest diffusion resistance for the main 
reactant; for parallel self-fouling, catalysts with some 
diffusion resistance are more stable for long process times; 
for fouling by an impurity in the reactant stream, deac- 
tivation is least when the diffusion resistance of the main 
reactant is a minimum and that for the impurity is a 
maximum. 

The shell model procedure is limited to rate equations 
which are first-order with respect to gaseous reactant and 
first-order with respect to unfouled surface. For parallel 
self-fouling and independent fouling mechanisms, illustra- 
tive calculations indicate that the shell model gives re- 
sults within 15% of the numerical method. Hence the 
simpler calculations required for the shell model would 
appear to be satisfactory in many instances. I t  should be 
emphasized that the shell concept has been used for the 
whole range of diffusion reaction resistances and not only 
for the situation where diffusion through the fouled part 
of the pellet controls the overall rate of fouling. For series 
fouling the limitations of the shell model are more serious 
and large deviations from the numerical solution can 
occur. 

The pellet effectiveness fiactor results can be used to 
predict the effect of fouling on the conversion leaving a 
fixed-bed reactor. Calculations for parallel fouling demon- 
strate the significance of intraparticle diffusion resistances, 
and verify that for long process times the effects of foul- 
ing may be less severe for a catalyst with a substantial 
diffusion resistance. 
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NOTATION 

gaseous reactant and product for main reaction 
ratio of diffusivities in fouled and clean catalyst 
(used in shell model) b = DA/DA = DB/Ds;  
b, = O, /Ds  
fouling substance deposited on the catalyst sur- 
face 
concentration of A in pores of catalyst, g.-mole/ 
cc.; C, = concentration at ro 
gas phase (interparticle) concentration; CoA = 
concentration at entrance to reactor bed, g.-mole/ 

effective diffusivity of A within the spherical 
catalyst pellet, based upon unit surface perpen- 
dicular to radial direction, sq. cm./sec.; fi repre- 
sents diffusivity in fouled region of catalyst (used 
in shell model) 
effectiveness factor for the nellet. defined bv 

- 

cc . 

I ,  , 
Equation (34) 

Thiele modulus, h = ro 

rate constant of main reaction, cc./( sec.) (g.-cata- 
lyst) ; kB,f series fouling rate constant; kA,f paral- 
lel fouling rate constant; ks,r independent fouling 
rate constant 
number of radial distance and time increments, 

respectively, M = - = total number of radial To 

Ar 

t o  distance increments; N = - - - total number 

of on-stream time increments 
= number of catalyst pellets per unit volume of 

reactor bed 
= concentration of deposited material on catalyst; 

qo = maximum concentration corresponding to 
complete deactiGation, g.-mole/g.-catalyst 

R = rate of main reaction, g.-moles/(sec.) (g.-cata- 

R” = rate of disappearance of A per unit volume of 

= radial distance from center of pellet; ro = radius 

At 

ii 

q 

IYSt) 

reactor, g.-mole/ (cc.) (sec.) 

of pellet, cm. 
r 

t = process time, sec. 
U = superficial velocity based upon cross-sectional 

x = conversion of reactant A 
z = axial distance in bed measured from feed en- 
- trance; zo = total length of catalyst bed, cm. 
Z = dimensionless bed length, defined by Equation 

area of reactor tube, cm./sec. 

(82) 
Greek Letters 

y 
c = CoB/CoA 
p 
P B  

cp 
en = void fraction in reactor bed 
0 = dimensionless time; 0 ~ ,  8 ~ ,  8s are defined by 
- 

0 
JI = 4/40 

= ratio of diffusivities, DA/DB 

= density of catalyst pellet, g./cc. 
= density of catalyst bed, g./cc. 
= void fraction in catalyst pellet 

Equations (35), (29), and (49); A@ = 8 / N  - 
= dimensionless time defined by Equation (83) 

P A  

5 
= r/ro; A[ = - 1 

M 
a = function of $I representing effect of deposition in 

refers to foul- 
is given 

decreasing rate of main reaction; 
ing reaction. For linear relationship 
by Equation (4). 

Subscripts and Superscripts 

A,B,S = gaseous components of reaction 
f = fouling reaction 
m,n = position and time values, defined by Equations 

(19) and (20) 
o = outer surface of catalyst pellet or maximum pro- 

cess time 
i = location r = ri 

LITERATURE CITED 
1. Ausman, J. M., and C .  C. Watson, Chem. Eng. Sci., 17, 

2. Bischoff, K. B., ibid., 18, 711 (1063). 
3. Froment, G. F., and K. B. Bischoff, ibid., 16, 189 ( 1961). 
4. Heister, N. K., and Theodore Vermeulen, Chem. Eng.  

5. Thomas, H. C., 1. Am. Chem. Soc., 66, 1664 (1944). 
6. Weisz, P. B., and R. D. Goodwin, 1. Catalysis, 2, 397 

(1963). 
7. Yagi, S., and D. Kunii, “Fifth International Symposium on 

Combustion,” p. 231, Reinhold, New York (1955); Chem. 
Eng. ( J a p a n ) ,  19, 500 (1955). 

323 (1962). 

Progr., 48, 505 (1952). 

Manuscript received July 10, 1965; revision received November 11, 
1965; paper accepted November 15, 1965. 

Page 394 A.1.Ch.E. Journal March, 1966 


